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ABSTRACT: The modulus of a rubber network depends on the number of elastically active strands (v) and junctions 
( p )  in the network. Statistical methods for calculating Y and p for random networks with tetrafunctional junctions 
have already been developed. In the present paper expressions are derived for Y and p in random networks with junc- 
tion functionalities other than four. There has been considerable discussion in the literature about which of two crite- 
ria, the Flory or the Scanlan-Case, should be used for counting the number of strands and junctions. Although each 
method leads to different values for Y and p, it is demonstrated that the difference, Y - p ,  is the same regardless of the 
criterion used. Other structural parameters pertaining to multifunctional networks are also calculated including the 
probability, according to the Langley criterion, that two randomly selected strands have a fixed topological relation- 
ship with each other. 

There are three essentially separate aspects to the prob- 
lem of relating the elasticity of rubber networks to their mo- 
lecular structure. One is the fundamental relationship between 
elasticity and network connectivity for phantom networks, 
i.e., networks in which the strands interact only a t  the junction 
points. The second is the statistical problem of calculating the 
parameters needed to apply this theory to particular networks 
from the mechanisms of network formation. The third is the 
problem of chain entanglements, which is to  say, the contri- 
butions to  the modulus arising from interactions between 
strand contours. This paper deals mainly with the second 
problem but contains some comments on the third. 

Recently one of us reported some results on networks of 
polybutadiene formed by radiation cross-linking.' In that 
study i t  was shown that network formation takes place both 
by tetrafunctional cross-linking and by polymerization of the 
unsaturated units in the polybutadiene chains. Such networks 
contain multifuctional junctions, and their structures are more 
complicated than networks which contain tetrafunctional 
links only. In this paper we derive statistical expressions for 
the structure of multifunctional networks. Although these 
expressions are derived specifically for polymerization 
cross-linking, we expect that they will also be useful for dealing 
with the structure of other multifunctional networks. Example 
materials of this type include block copolymers in which chain 
units cluster into glassy or crystalline domains, ionomer net- 
works, and certain gels such as agarose where network for- 
mation occurs by aggregation. 

In the second part of the article the structural parameters 
associated with mechanical properties are discussed. We re- 
view recent expressions for the free energy of phantom net- 
w o r k ~ ~ - ~  and show how the parameters in these theories can 
be calculated for multifunctional networks. We apply the 
criterion of Langley6 for calculating the contribution of en- 
tanglements to the modulus in multifunctional networks. 
Finally we develop expressions for structural parameters 
which may be important in the maximum extension and vis- 
coelastic behavior of networks. Possible differences in me- 
chanical behavior between multifunctional and simple 
tetrafunctional networks are discussed. 

Sol-Gel Statistics 
Consider a collection of N long primary chains, each con- 

taining r structural units,' and assume that network formation 
proceeds by randomly linking the units of these molecules. A 
junction which unites two structural units has four strands 
leading away from it, Le., its functionality, f, is equal to 4. A 
junction which unites j units requires j - 1 cross-links and has 
a functionality equal to  2j (Figure 1). 

When the number of cross-links exceeds a certain critical 
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value a fraction of the polymer molecules will be united into 
a macroscopic cluster having the structure of a three-dimen- 
sional network. The fraction of structural units in the network 
is the gel fraction, g, and the remainder comprises the sol 
fraction, s = 1 - g. 

An expression for the sol fraction will be derived using a 
method due to Flory.' First two probabilities are defined: p 
is the probability that a randomly selected noncross-linked 
unit belongs to the sol, and 0 is the probability that a randomly 
selected cross-linked unit belongs to the sol. The sol fraction 
can then be expressed as 

s = (1 - a ) p  + a0 (1) 
where a is the fraction of all units which participate directly 
in cross-links. A junction belongs to the sol only if all the units 
it connects would belong to  the sol in the absence of that  
junction. If there are no intramolecular cross-links in the sol, 
0 = pj for junctions which join j units. When junctions of 
different functionality are present, 

j = 2  

in which wj is the fraction of cross-linked units located in 
junctions containing j units. Equation 1 can now be rewritten 
as 

m 

s = (1 - a ) p +  a Cw,pJ ( 2 )  

The probability u that  a randomly selected unit is not 
cross-linked or, if it is cross-linked, that  the cross-link joins 
it only to units which are part of the sol is 

j = 2  

m - 
u = 1 - a + a C wjpJ-1 (3) 

I t  follows from the definition of u that the sol fraction can also 
be expressed as 

j = 2  

m 

s = u ' =  1 - c ~ ~ ~  c w j p j - i  ') (4) 

By rearranging and combining eq 2 and 4 it can be shown that 
s = p'""-l) and hence for long primary chains s p, allowing 
eq 4 to be rewritten 

( j = 2  

s = ( 1 - a + a ~ w j s J - l  j = 2  1' ( 5 )  

a result first reported by Scott.8 

wj = 0 (j # 2). Equation 5 simplifies to  

0 1978 American Chemical Society 

If all the junctions are tetrafunctional, w j  = 1 (j = 2) and 
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Figure 1. (a) A tetrafunctional junction uniting two chains with one 
cross-link. (b) A hexafunctional junction uniting three chains with 
two cross-links. 

s = (1 - a + as)' 

= (1 - ag)' 

= e - a g r  i c u  << 1) i5a) 

These are the usual formulas reported in the l i t e r a t ~ r e . ~ , ~ ~  If 
the junctions are formed by polymerization or by clustering 
of structural units into either glassy, crystalline, or ionic do- 
mains, there will be a distribution of functionalities and a 
distribution function, i ~ j ,  related to the mechanism and ki-  
netics of the cross-linking process must be used. Some ap- 
propriate distribution functions are discussed in Appendix 
A. 

Paths to the Gel 
A randomly selected noncross-linked unit is connected to 

the gel by 0, 1, or 2 paths. Let the respective probabilities be 
PO,  p1 ,  and p2.  Expressions for each can be calculated as fol- 
lows. If a unit is selected n units from one end of a primary 
chain r units long, the probability that this end is connected 
to the sol is un. The probability that the other end is connected 
to the sol is The probability that a randomly chosen 
uncross-linked unit has both ends connected to the sol is 
therefore 

1 r-1 p o : = -  U n U r - n - l  

which is identical to the expression for (c (see eq 2 and 4) .  
The probability that a unit n units from one end of a pri- 

mary chain is connected to the gel is 1 - u n .  The probability 
that  the other end is connected to the gel is 1 - v r - n - l ,  The 
probability that  a randomly chosen uncross-linked unit has 
both ends connected to the gel is 

= 1 + u r - 1  - 2(1  - u r ) / r ( l  - u )  ( 7 )  

From the normalization condition, p o  + p 1  + p 2  = 1, we 
find 

(8) 
The expressions for PO, p1 ,  and p 2  can be used to calculate a 
number of structural parameters related to the mechanical 
properties of the network. 

(All of the formulas derived in the last two sections can be 
extended to the case where the polymer being cross-linked has 
an arbitrary distribution of molecular weights and to the case 
where chain scission occurs simultaneously with cross-linking. 
These generalizations are given in Appendix B.) 

p 1  = 2 [(I - u r ) / r ( l  - u )  - ur-11 

The Number of Elastically Active Strands 
The criterion for deciding whether a strand is elastically 

active is due to Scanlan" and Case.12 They propose that only 
strands connected at  botln ends to junctions with a t  least three 
paths to gel are active. A junction with zero paths or one path 
to the gel unites strands whose equilibrium configuration is 
not affected by an applied strain. A junction with two paths 

to the gel merely extends the length of an active strand. De- 
riving specific expressions from the Scanlan-Case criterion 
requires the use of another network parameter. Let cLJ be the 
number of network junctions uniting j units which have i 
paths to gel (0 i i 5 2 j ) .  By an application of the multinomial 
theorem (see Appendix C) we find 

j !  
cIJ = n, c 

O S h < i / 2  G - i f h ) ! ( i  - 2 h ) ! h !  

(9) 

where nJ is the number of network junctions containing j 
cross-linked units: 

x p, j  - I +  kp li-2kp2k 

The number of elastically active strands is found by sum- 
ming all paths to the gel from junctions where i I 3 and di- 
viding by 2 since each of these strands is connected to two 
junctions. 

With eq 9 and 10 and the identity 

this expression becomes 
rn 

2p2 w j ( 1  - p 4 - l )  
j = 2  

Equation 1 2  has a physically simple interpretation. I t  is twice 
the number of cross-linked units with two paths to the gel, 
multiplied by the probability that they are cross-linked to 
units with a t  least one path to the gel, plus the number of 
cross-linked units with one path to the gel, multiplied by the 
probability that they are cross-linked to units with at  least two 
paths to the gel. The factor '12 again corrects for the double 
counting of all strands. 

The number of elastically active network junctions is 

Using eq 9 and 10 again, this expression reduces to 

p = a r N  2 ( w j / j ) i l -  p d  - j p 4 - 1 p 1  
Lj=2 

which is the total number of junctions minus those with only 
0,1, or 2 paths to the gel. For the special case of tetrafunctional 
cross-linking the expressions for v and f i  simplify to 

v = 1 i ~ c u r N ( 3 p ~ p 2  + 2132) (15) 

P = ' /2arN(2p,p2 + P 2 9  (16) 
results that  have been previously given by Langley.'3 

Gordon and Ross-Murphy14 have also reported an expres- 
sion for v applying to multifunctional networks in which all 
of the junctions have the same functionality. Although their 
equation is numerically equivalent to our eq 12, it has a dif- 
ferent form. This difference comes from the choice of an ex- 
tinction probability. Whereas we have chosen p, the proba- 
bility that  a randomly chosen uncross-linked unit is part of 
a finite structure (sol molecule), they have chosen the prob- 
ability that a randomly selected cross-linked unit is connected 
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via cross-links to a finite number of additional units. In our 
nomenclature this probability is equal to 4-1.  

We conclude this section by deriving two types of limiting 
relationships, one which applies a t  low cross-link densities just 
beyond the gelation threshold and the other a t  high cross-link 
densities when the transformation to gel is nearly com- 
plete. 

Let t = (cy - cu,)/u, be a parameter which measures the 
distance from the gel point. Here a, = [(f,/2 - 1) (r - 1)I-l 
is the critical density of cross-linked units at  gelation and 

m 

f ,  = 2 j w j  

is the weight-average number of strands leading away from 
a randomly selected junction. Then a t  low cross-link densi- 
ties 

j = 2  

where L is the average number of structural units in an active 
strand. The exponents in eq 17-21 are a result of the basic 
assumption used in sol-gel statistics; the number of intra- 
molecular cross-links in finite size molecules is negligibly 
small. Use of this assumption leads to a network whose local 
connectivity is treelike in nature and hence to exponents that 
are exactly the same as those found for other gelation (per- 
colation) problems which take place on treelike lattices.15J6 
Recent theoretical work by de Gennes indicates that  ne- 
glecting intramolecular cross-links is a valid assumption for 
high molecular weight polymers.17 

At high cross-link densities, limiting relationships for the 
network parameters can be expressed in terms of y = ur, the 
average number of cross-linked units per primary chain. We 
find 

g = 1 - e-? (22) 

(23) 

(24) 
m 

= r N  5 w,/j = ByNlf,, (25) 

L = r /y  (26) 

where f n  is the number-average number of strands leading 
away from a junction. Rubber networks that  are used in me- 
chanical applications typically have values of y >> 1, a region 
in which these asymptotic forms (eq 22-26) should be 
valid.ls 

Number of Fundamental Circuits in a Network 
Flory4 has recently published an expression for the elastic 

free energy of a phantom rubber network. He reports that the 
modulus is proportional to u’ - p’ where ut and p‘ are the 
numbers of strands and junctions in the network regardless 
of how many connections they have to the gel. On the other 
hand Graessley3 has reported that the modulus should be 
proportional to u - p ,  where v and p are defined by the Scan- 
lan-Case criterion. We intend to show that v’ - p’ equals u - 

j = 2  

number of edges and the number of vertices plus one. In a 
rubber network the vertices are the junctions and the terminal 
ends of polymer chains; the edges are the polymer strands 
which connect these vertices. Hence 

= u’ - p’ + 1 (27) 

Each cross-linked unit that  is introduced divides a primary 
chain, producing one new network strand. The total number 
of network strands then is equal to the number of cross-linked 
units plus the number of primary chains in the network 

where the subscript g on N indicates that  only chains in the 
network (gel) are counted. The number of vertices equals the 
number of junctions plus the number of chain ends 

Finally, the number of primary chains in the network is just 
one-half the number of free ends 

where 2 j  - i is the number of ends contributed by a junction 
with two or more paths to the gel (i 2 2) and 2 j  - 2 is the 
number of additional ends contributed by a junction with just 
one path to the gel. Combining the last three equations 

(31) 

Thus the Flory and Graessley expressions are the same, and 
the number of fundamental circuits in a rubber network ( l )  
is equal to u’ - p’ or u - p.20 

The number of fundamental circuits and the number of 
active strands in networks with different functionalities are 
shown in Figures 2 and 3 as functions of the reduced cross-link 
density cuIcy,. 

”f - = 1 /2 2 2 ( i  - 2)c,, = v - /* 
J = 2  1=3 

Physical Properties of Multifunctional Networks 
At  the present time there is no first-principles molecular 

theory for predicting the equilibrium modulus of a network 
which contains chain entanglements. However, a number of 
semiempirical methods6Iz1 have proven to be quite successful 
in correlating experimental measurements of the modulus 
with network s t r ~ c t u r e . ~ J ~ ~ ~ ~ ~ ~ ~  We discuss one of these 
methods which is due to Langley.6 

When a high molecular weight uncross-linked polymer is 
tested under dynamic conditions the modulus remains es- 
sentially constant over a wide range of frequencies. The usual 
explanation is that a network of entanglements is present and 
the lifetime of the entangled states for the chains is longer than 
the experimental time scale. It seems plausible that a portion 
of this transient network could be permanently fixed or 
trapped by the addition of cross-links. In this case the modulus 
of a cross-linked entangled network will be greater than that  
of a phantom network with the same structure. If it is further 
assumed that the entanglement effect is simply additive, then 
the shear modulus, G, should be the sum of two parts: one 
from the strands which join the junctions, G,, and one from 
trapped entanglements, G,. 

The contribution from the strands can be expressed as 

p.  Although a proof using results from graph theorylg could 
be given, we have chosen instead a simpler one that makes use 
of the nomenclature introduced above. 

As noted by F l ~ r y , ~  in any connected graph the number of 
fundamental circuits, [, is equal to the difference between the 

G, = +(u - p)kT/Vo (32) 

where is a factor which depends on the connectivity of the 
networkz4 and presumably is of order unity. VO is the volume 
of the network in the unstrained state. 
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Figure 2. The number of fundamental circuits per primary chain vs. 
alac for networks with tetrafunctional, hexafunctional, and deca- 
functional junctions. The asymptotic behavior o f t  is t / N  = [ ( a / ( ~ , ) / j ]  
-1. 
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Figure 3. The number of elastically active strands per primary chain 
vs. m / a ,  for networks with tetrafunctional, hexafunctional, and de- 
cafunctional junctions. The asymptotic behavior of v is v/N = [(a/  
(Y,)Ici - l)] -1. 

(a  1 (b )  (C) 

Figure 4. Three topological relationships between two closed loops: 
(a) not entwined, (b) once entwined, (c) twice entwined. 

The  contribution from entanglements is approximated 
as 

G ,  = T,GNO (33) 

where GNO is the plateau modulus obtained from dynamic 
shear measurements on the uncross-linked system and T ,  is 
a suitably chosen trapping factor. Langley suggested that  T ,  
is equal to the probability that all four paths from a randomly 
chosen pair of units lead to the gel. From the definition of 
P2r 

Te = p z 2  (34) 

The entanglement trapping factor T ,  can be interpreted in 
an alternate way. A structural unit that  is part of an active 
network strand (with probability p 2 )  is also part of a closed 
circuit which in turn has a fixed topological relationship with 
all other closed circuits in the network (see Figure 4). Hence 
p2* is the probability that two randomly chosen units are part 
of structures whose pairwise topological arrangement has been 
made permanent by the cross-linking process. 

In Figure 5 T, is plotted as a function of a/ac for networks 
with tetrafunctional, hexafunctional, and decafunctional 

a / a c  

Figure 5. The trapping factor, T,, for networks with tetrafunctional, 
hexafunctional, and decafunctional junctions. 

0 '  I 
0 5 I O  I5  20  25 

a la ,  

Figure 6. The ratio of the average length of a network strand to the 
length of a primary chain vs. a/a,  for networks with tetrafunctional, 
hexafunctional, and decafunctional junctions. 

( 0 )  ( b) 

Figure 7. (a) A linear dangling end. (b) A dangling end with one 
tetrafunctional branch point. 

junctions. Figures 2 and 5 show that  the moduli of entangled 
networks a t  equal values of a/a,  should decrease with in- 
creasing junction functionality. 

An important structural feature of a network is L ,  the av- 
erage number of units in an active strand. This parameter 
should be closely related to the maximum extensibility and 
hence to the tensile strength of a rubber network. Using def- 
initions given above we obtain 

L = p2rN/u  (35) 

where the numerator is the total number of units in active 
strands. In Figure 6 L is given as a function of alac for net- 
works of various functionality. 

Another important feature of a rubber network is the con- 
centration and structure of inactive strands that are connected 
to it (dangling ends). These strands probably play an impor- 
tant  role in the hysteritic behavior of dynamically loaded 
networks and in the creep and stress relaxation behavior of 
statically loaded networksz5 For example, if a network is 
stretched rapidly both the network strands and the dangling 
ends will be extended in an approximately affine manner.26,27 
However, the latter will eventually relax to equilibrium con- 
figurations which are the same as those for the unstretched 
network. If this process takes place by a reptation-like process, 
then the length and branched structure of the ends will have 
a strong influence on the time required for r e l a x a t i ~ n . ~ ~ . ~ ~  
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The nature of the dangling ends can be described in part 
by three parameters: ( 1 )  the number of ends, ( 2 )  the average 
number of units in an end, and (3) the average number of 
branch points on an end (see Figure 7). 

The number of dangling ends is 

m 

= a r N  ,E wj [2po( l  - p 4 - l )  
1 = 2  

- (21' - 1) p J - l p 1  + PI] (36) 

The summation is taken over junctions for which i 2 2 because 
a junction with only one path to the gel is just a branch point 
on an already counted dangling end. 

The average number of units in a dangling end is 

Lend = PlrN/Vend (37 )  

and the average number of branch points per dangling end 
is 

5 c1j a r N  ,e WjPd-lP1 

vend , vend 
(38) j = 2  1'2 Bend = - = 

For monodisperse polymers cross-linked in the absence of 
chain scission, the number of dangling ends per primary chain 
and the number of branch points per dangling end quickly 
converge to 2 and 0, respectively. 

In Figures 8 and 9, the weight fraction of dangling ends and 
the average length of a dangling end are plotted as functions 
of the reduced cross-link density, a/a,. In certain applications 
for rubber networks it might be advantageous to absorb energy 
in a certain frequency range. Hence the presence of dangling 
ends would be quite desirable. In other applications the hys- 
teritic losses associated with these ends might lead to an un- 
wanted temperature rise and hence a need for networks with 
very few dangling structures. 

Summary 
A number of statistical relationships have been derived for 

calculating the structure of rubber networks with multi- 
functional junctions. Some of these quantities appear as pa- 
rameters in the molecular theory of elastic energy in phantom 
networks. Others relate to Langley's trapping factor for the 
entanglement contribution to the modulus, to the maximum 
extensibility, and to the viscoelastic properties of networks. 
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Appendix A 
Experimental Determination of a and wj. The structure 

of a rubber network is determined by the molecular weight of 
the primary chains, the fraction of cross-linked units a, and 
the cross-link functionality distribution wj. We describe an 
experimental method for determining a and wj from the gel 
curve. 

A collection of samples is prepared with a known initial 
molecular weight and differing in cross-link density. The sol 
fraction of each is measured by standard  technique^.^^ With 
this information and eq 2 and 4, a and w; can be determined 
for each sample as follows. Depending on the method used to 
prepare the samples, a will usually be proportional to the 

.6 

PI 

.4 

.2  

.o ' I 
0 5 IO 15 20 25 

d o c  

Figure 8. The  weight fraction of dangling ends in a network vs. the 
reduced cross-link density ( d o l , )  for networks with different junction 
functionalities.4~6J'' 

" 
0 5 IO IS 20 25 

a / %  

Figure 9. The ratio of the length of a dangling end to  the length of 
a primary chain vs. the reduced cross-link density (ala,) for networks 
with different junction f u n c t i ~ n a l i t i e s . ~ ~ ~ J ~  

amount of cross-linking agent used, the radiation dose re- 
ceived, or the time of reaction. Furthermore, a knowledge of 
the mechanism of cross-linking may suggest a form for wj. For 
example, if cross-linking takes place by polymerization of 
double bonds in the backbone of the polymer chain, w; might 
be given by 

w j  = 5 [ 5 ] J - 1  ( A l )  

which applies for termination by disproportionation, or 

(A21 

which applies for termination by recombination. The pa- 
rameter x is the kinetic chain length of the reaction in each 
case. 

Likewise, if the cross-linking reaction yields junctions that 
all have the same functionality, f ,  then 

wj  = 1 

w j  = o ( 2 j  # f )  (A31 

(2 j  = f) 

Finally, if cross-linking occurs by clustering of structural units 
into domains, a study of the nucleation and growth mechanism 
may suggest an appropriate distribution function. In all these 
cases the proportionality constant for cross-link formation and 
a parameter characterizing the junction functionality distri- 
bution could be determined by a regression analysis of the gel 
curve using eq 2 and 4, and thus the structural parameters of 
each network could be calculated. 

Appendix B 
Simultaneous Cross-Linking and Chain Scission for 

Primary Chains of Arbitrary Distribution. The expres- 
sions for s, po, p1, and p2 were derived for the case where all 
primary chains contain the same number of units, r .  This re- 
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striction is easily removed. The case of an arbitrary distribu- 
tion of primary chain lengths is treated by operating on the 
right-hand side of eq 2, 6, 7 ,  and 8 with 

C Wr 
r = l  

where Wr is the fraction of structural units in chains of length 
r .  For example, eq 6 for p o  becomes (p = p o )  

r-1 
p o  = 5 W ,  (1 - CY + CY 5 wjpj-l)  = P (Bl) 

r = l  j = Z  

If network formation is accomplished by reaction with 
peroxides or exposure to radiation, it is likely that  chain 
scission will occur simultaneously with cross-linking. Equation 
B1 can be modified for this case by using in place of Wr an 
altered distribution function Wr(p)  where /? is the fraction of 
bonds between units that have been scissioned. An expression 
for E‘,(@) for initially linear chains has been given by Mon- 
tr011.3~ 

Wr(@)  = Wr(0)(l  - @)”-I  + rp(1 - @)‘-I 

where W,(O) is the initial chain length distribution. 
Let 

and then substitute (B2) into ( B l )  

p = 
m 

Wr(0)(1  - @)r-1(1 - CY7)r-l 
r = l  

X- W1(0)  [2 + p( l  - r - 111 (B3) 1 
One of the summations in the second term can be completed 

after reversing the order of summation. Combining the re- 
maining terms we have 

where 1 - j- = (1 - /?)(1- C Y T )  and h = CYT/{.  In obtaining eq B4 
we have made use of the fact that  in typical cross-linked 
polymers CY and /3 << I. permitting the approximation { = @ + 
CYT - @CUT /? + CYT. For the special case of tetrafunctional 
cross-linking eq B4 can be rearranged to results obtained 
before by I n ~ k u t i ~ ~  and Langley.6 

The procedure followed in deriving eq B4 can also be ap- 
plied to the equations for p 1  and p2 with the results 

I t  should be noted that  if chain scission does occur the equa- 
tions for calculating the number of active strands and other 
network parameters will not be altered, apart from the re- 
quirement that  the new results for p ~ ,  p ~ ,  and p~ be substi- 
tuted. 

Appendix C 
Derivation of Equation 9. Consider a junction which ties 

together j chains, and let tL j  be the probability that i paths lead 

from this junction to the gel. If in the absence of the given 
junction l o  of the chains have no paths to the gel (11, one, and 
1 2 ,  two), then tjj will be given by the multinominal distribu- 
tion 

where the double prime indicates the summation is over all 
sets of lo ,  I 1 ,  and 12 subject to the two conditions l o  + 11 + 12 

= j and 11 + 2lz = i. Using these two constraints to eliminate 
l o  and 11 and letting 22 = h we have 

The number of junctions uniting j chains and having i paths 
to the gel is 

which is eq 9. 
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